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ERGODICITY OF ALGEBRAIC ACTIONS OF
NILPOTENT GROUPS
SIDDHARTHA BHATTACHARYA
Abstract. An algebraic Γ-action is an action of a countable group
Γ on a compact abelian group X by continuous automorphisms of
X . We prove that any expansive algebraic action of a finitely gen-
erated nilpotent group Γ on a connected group X is ergodic. We
also show that this result does not hold for actions of polycyclic
groups.
1. Introduction
Let Γ be a countable group. An algebraic Γ-action is an action α of
Γ on a compact metrizable abelian group X by continuous automor-
phisms of X . Any such action induces a Γ-action on X̂ , the dual of
X , by automorphisms of X̂ . Hence X̂ can be viewed as a Z[Γ]-module,
where Z[Γ] is the integral group ring of Γ. Using duality theory one
can show that this identification gives rise to a bijective correspondence
between algebraic Γ-actions and modules over Z[Γ]. The action α is
called Noetherian if X̂ is Noetherian as a Z[Γ]-module. Equivalently,
α is Noetherian if any decreasing sequence
X = X0 ⊃ X1 ⊃ X2 ⊃ · · ·
of closed Γ-invariant subgroups stabilizes.
It is easy to see that any algebraic Γ-action (X,α) preserves the Haar
measure on X . Hence α can also be viewed as a measure preserving
dynamical system. For d ≥ 1, ergodic algebraic Zd-actions were char-
acterized in [5]. For non-abelian Γ this problem has been studied under
the additional assumption that the action α is a principal action, i.e.,
the dual module of α is of the form Z[Γ]/Z[Γ]f for some f ∈ Z[Γ]. It is
known that for a large class of groups, that includes free groups with
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more than one generators as well as all finitely generated amenable
groups that are not virtually cyclic, such actions are always ergodic
([4], [6]). However, when Γ is non-abelian, the ergodicity properties of
non-principal algebraic Γ-actions are not well understood, even when
Γ is the discrete Heisenberg group (see [7, Problem 3.5]).
In this paper we prove the following result :
Theorem 1.1. Let (X,α) be an expansive algebraic action of a finitely
generated nilpotent group Γ. Then the σ-algebra of α-invariant sets is
finite. If X is also connected, then α is ergodic.
In [3] Chung and Li obtained several characterizations of expansive-
ness for algebraic actions of countable groups. Using their result we
construct a large class of actions where Theorem 1.1 can be applied.
Chung and Li also raised the question whether algebraic quotients of
expansive actions of polycyclic-by-finite groups are always expansive
([3, Conjecture 3.6]). We show that this is not true in general. More
specifically, we construct a polycyclic group Γ ⊂ GL(3,Z) such that
the natural action of Γ on T3 is expansive but it admits a non-trivial
quotient on which the induced Γ-action is trivial. This proves that
Theorem 1.1 does not hold for actions of polycyclic groups.
2. Ergodicity and Expansiveness
Our proof of Theorem 1.1 relies on the observation that under the
stated assumptions the action α exhibits a certain form of cohomo-
logical rigidity. A similar technique, but involving a different form of
cohomological rigidity, was used in [2] to study periodic points of alge-
braic actions. Let us first recall a few related definitions. Let α be an
action of a countable group Γ on a compact metrizable abelian group
X by continuous automorphisms of X . A 1-cocycle of α is a map
c : Γ→ X that satisfies the equation
c(γγ
′
) = c(γ) + α(γ)(c(γ
′
))
for all γ, γ
′
∈ Γ. We will denote the collection of all 1-cocycles by
C(α). If XΓ denote the compact abelian group of all functions from
Γ to X , equipped with the product topology and pointwise addition,
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then it is easy to see that C(α) ⊂ XΓ is a closed subgroup. For any
x ∈ X , the map cx : Γ → X defined by cx(γ) = α(γ)(x) − x is a
1-cocycle. A cocycle c is said to be a coboundary if c = cx for some
x ∈ X . Since the map x 7→ cx is a continuous homomorphism from
X to C(α), it follows that B(α), the collection of all coboundaries, is
a closed subgroup of C(α). Two 1-cocycles c1 and c2 are said to be
cohomologous if c1 − c2 ∈ B(α). The quotient group C(α)/B(α) is
denoted by H1(α) and is called the first cohomolgy group of the action
α.
Lemma 2.1. Let (X,α) be an algebraic action of a countable group
Γ, and let K ⊂ X be a closed Γ-invariant subgroup. If β denotes the
induced Γ-action on X/K then H1(α) is finite whenever both H1(β)
and H1(α|K) are finite.
Proof. Let pi denote the quotient homomorphism from X to X/K.
We define a homomorphism θ from C(α) to C(β) by θ(c) = pi ◦ c. As
pi ◦ cx = cpi(x), θ induces a homomorphism θ
∗ from H1(α) to H1(β).
Suppose c is an element of C(α) such that the corresponding element
of H1(α) lies in Ker(θ∗). Then pi ◦ c = cy for some y ∈ X/K. We
pick q ∈ X with pi(q) = y. As pi ◦ (c − cq) = 0, c is comohomologous
to a 1-cocycle taking values in K. Since H1(α|K) is finite, we deduce
that that Ker(θ∗) is finite. Since Image(θ∗) ⊂ H1(β) is also finite, this
proves the given assertion. 
For any algebraic action (X,α) of a countable group Γ let F (α) ⊂ X
denote the set of points that are fixed by every element of α(Γ). Clearly
F (α) is a closed Γ-invariant subgroup of X .
Lemma 2.2. Let (X,α) be an algebraic action of a countable group Γ,
and let K ⊂ X be a closed Γ-invariant subgroup such that the induced
Γ-action on X/K has infinitely many fixed points. Then either F (α)
is infinite or H1(α|K) is infinite.
Proof. Suppose H1(α|K) is finite. Let β denote the quotient action
of Γ on X/K, and let pi : X → X/K denote the projection map. If
Y ⊂ X denotes the subgroup pi−1(F (β)), then Y is Γ-invariant, Γ acts
trivially on Y/K, and Y/K is infinite. We define a homomorphism θ
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from Y to C(α|K) by θ(y)(γ) = α(γ)(y)− y. Since H
1(α|K) is finite,
B(α|K) is a finite index subgroup of C(α|K). Let Z ⊂ Y denote the
Γ-invariant subgroup θ−1(B(α|K)). Then Z contains K, and since Y/Z
is finite, Z/K is infinite. We pick an arbitrary z ∈ Z and choose p ∈ K
such that θ(z) = cp. Then α(γ)(z−p) = z−p for all γ ∈ Γ, i.e., z−p is
fixed by α. This shows that every coset of K in Z contains an element
of F (α). As Z/K is infinite, this shows that F (α) is infinite. 
Now we consider the case when Γ is a finitely generated nilpotent
group. In this case there exists a sequence of subgroups
{e} = Γ0 ⊂ Γ1 ⊂ · · · ⊂ Γn = Γ
such that for all i, Γi is normal in Γi+1 and Γi+1/Γi lies in the center
of Γn/Γi. Since Γi+1/Γi is a finitely generated abelian group for each
i, refining the sequence if necessary, we may assume that Γi+1/Γi is
cyclic. Let l(Γ) denote the smallest possible length for such a series.
We note that for any finitely generated nilpotent group Γ there exists
γ0 in the center of Γ such that l(Γ/Zγ0) < l(Γ), where Zγ0 is the cyclic
subgroup generated by γ0.
Theorem 2.3. Let Γ be a finitely generated nilpotent group, and let
(X,α) be a Noetherian action of Γ such that F (α) is finite. Then H1(α)
is finite.
Proof. We will use induction on l(Γ). If l(Γ) = 0 then Γ = {e}.
Since F (α) is finite, this shows that X is finite and the above assertion
is trivially true. Suppose l(Γ) ≥ 1 and (X,α) is a Noetherian action
of Γ such that F (α) is finite but H1(α) is infinite. Let A denote the
collection of all closed Γ-invariant subgroups L such that H1(α|L) is
infinite. Since α is Noetherian, A has a minimal element K. We
choose γ0 in the center of Γ such that l(Γ/Zγ0) < l(Γ). Let L ⊂ X
denote the Γ-invariant subgroup (α(γ0)−I)(K). We claim that K = L.
Suppose this is not the case. Then H1(α|L) is finite. Let β denote the
quotient action of Γ on K/L. Clearly β is a Noetherian action. As
F (α|K) is finite, applying Lemma 2.2 we obtain that F (β) is finite.
Since β(γ0) = I, for any 1-cocycle r ∈ C(β) and γ ∈ Γ we have,
r(γ0γ) = r(γ0) + β(γ0)r(γ) = r(γ0) + r(γ).
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As γ0γ = γγ0, we also have, r(γ0γ) = r(γ)+β(γ)r(γ0). This shows that
r(γ0) ⊂ F (β). Let θ : C(β) → F (β) denote the group homomorphism
defined by θ(r) = r(γ0). As Image(θ) ⊂ F (β) is finite, we deduce
that Ker(θ) is a finite-index subgroup of C(β). Since β(γ0) = I, β
induces an automorphism action β∗ of Γ/Zγ0 on K/L. It is easy to
see that any s ∈ Ker(θ) induces a 1-cocycle s ∈ C(β∗). Moreover, s
is a coboundary if and only if s is a coboundary. As l(Γ/Zγ0) < l(Γ),
by the induction hypothesis H1(β∗) is finite. Hence Ker(θ) contains
a finite index subgroup that consists of coboundaries. As Ker(θ) is a
finite index subgroup of C(β), this shows thatH1(β) is finite. Applying
Lemma 2.2 we conclude that H1(α|K) is finite. This contradicts the
defining property of K and proves the claim.
Now let H ⊂ K denote the subgroup defined by
H = {x ∈ K : α(γ0)(x) = x}.
As (α(γ0) − I)(K) = K 6= {0}, H is a proper closed subgroup of
K. Since γ0 lies in the center of Γ, H is also Γ-invariant. From the
minimality of K we deduce that H1(α|H) is finite. Now let c be an
arbitrary 1-cocycle of α|K . We choose p ∈ K such that (α(γ0)−I)(p) =
c(γ0) and define c
′
∈ C(α|K) by c
′
= c− cp. Since c
′
(γ0) = 0, it follows
that for any γ ∈ Γ,
c
′
(γγ0) = c
′
(γ) + α(γ)(c
′
(γ0)) = c
′
(γ).
On the other hand, we also have
c
′
(γ0γ) = c
′
(γ0) + α(γ0)(c
′
(γ)) = α(γ0)(c
′
(γ)).
Since γ0 commutes with every element, this shows that the image of
c
′
(γ) is contained in H . Hence every 1-cocycle of α|K is cohomologous
to a 1-cocycle taking values in H . As H1(α|H) is finite we deduce that
H1(α|K) is also finite. This contradicts the defining property of K and
proves the induction step. 
Proof of Theorem 1.1 : Since (X,α) is expansive, X̂ is finitely gen-
erated as a Z[Γ]-module. As Γ is a finitely generated nilpotent group,
Z[Γ] is a Noetherian ring. Hence X̂ is a Noetherian Z[Γ]-module, i.e.,
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the action α is Noetherian. Let M ⊂ X̂ denote the submodule consist-
ing of all characters χ such that the Γ-orbit of χ under the dual action
α̂ is finite. Let pi denote the projection map from X to M̂ . Then
Y = Ker(pi) is a closed Γ-invariant subgroup and the restriction of α
to Y is ergodic. Since α is Noetherian, M is finitely generated. Let
{χ1, . . . , χn} ⊂M be a generating set, and for i = 1, . . . , n; let Λi ⊂ Γ
be the finite-index subgroup that fixes χi. Then every element of M
is fixed by the finite-index subgroup Λ = ∩Λi, i.e., Λ acts trivially on
M̂ = X/Y . Let β denote the restriction of α to Λ. From the expan-
siveness of α it follows that F (β) ⊂ X and F (β|Y ) ⊂ Y are finite sets.
By Theorem 2.3, H1(β|Y ) is also finite. As every element of X/Y is
fixed by β, applying Lemma 2.2 we see that X/Y is finite. Now the
ergodicity of α|Y implies that the invariant σ-algebra of α is finite. If X
is connected then it does not admit non-trivial finite-index subgroups.
Hence Y = X , i.e., α is ergodic. 
3. Examples
Let us first describe a class of actions where Theorem 1.1 can be
applied. For any countable group Γ let TΓ denote the compact abelian
group of all functions from Γ to T, equipped with pointwise addition
and the product topology. The shift action α of Γ on TΓ is defined by
α(γ)(x)(γ1) = x(γ
−1γ1). For f =
∑
cγδγ ∈ Z[Γ] and x ∈ T
Γ we define
f(x) =
∑
cγx(γ).
For a left ideal I ⊂ Z[Γ] we define X(I) = {x ∈ TΓ : f(x) = 0 ∀f ∈ I}.
Conversely, if X ⊂ TΓ is a closed shift-invariant subgroup we set IX =
{f ∈ Z[Γ] : f(x) = 0 ∀x ∈ X}. From the duality theory it follows that
both I 7→ X(I) and X 7→ IX are bijective correspondences between
left ideals of Z[Γ] and the closed shift-invariant subgroups of TΓ.
For a countable group Γ let l1(Γ) denote the Banach algebra con-
sisting of all functions h from Γ to C with
∑
γ |hγ| < ∞. An ele-
ment f =
∑
cγδγ ∈ Z[Γ] is called lopsided if there exists γ0 such that
|cγ0 | >
∑
γ 6=γ0
|cγ|. One can show that any lopsided f ∈ Z[Γ] is in-
vertible in l1(Γ), and any left ideal I ⊂ Z[Γ] containing an invertible
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element of l1(Γ) also contains a lopsided element of Z[Γ] ([7, Proposi-
tion 5.4]). From [3, Theorem 3.1] it follows that for a left ideal I ⊂ Z[Γ],
the shift action of Γ on X(I) is expansive if and only if I contains an
invertible element of l1(Γ). In particular, for any ideal I ⊂ Z[Γ] con-
taining a lopsided element of Z[Γ] the shift action of Γ on X(I) ⊂ TΓ
is expansive, and Theorem 1.1 can be applied.
For a countable group Γ, and a left ideal I ⊂ Z[Γ] we define I∗ ⊂ Z[Γ]
by
I∗ = {f ∈ Z[Γ] : nf ∈ I for some n ≥ 1}.
If Y denotes the connected component of X(I) that contains 0 then
from duality theory it follows that I∗ = IY . Hence if J ⊂ Z[Γ] is a left
ideal containing a lopsided element then by Theorem 1.1 the algebraic
Γ-action corresponding the module Z[Γ]/J∗ is ergodic.
We will now show that Theorem 1.1 does not hold for actions of
polycyclic groups. We will use the following result which is a special
case of [1, Theorem A].
Proposition 3.1. Let n ≥ 1, Γ ⊂ GL(n,Z) be a subgroup, and α be
the natural action of Γ on Tn ∼= Rn/Zn. Then α is expansive if and
only if for every non-zero p ∈ Rn the Γ-orbit of p is unbounded.
Example : We define A ∈ GL(2,Z) and a subgroup Γ ⊂ GL(3,Z) by
A =
[
2 1
1 1
]
, Γ =
{(
An b
0 1
)
| n ∈ Z, b ∈ Z2
}
.
Let Γ0 ⊂ Γ denote the subgroup defined by
Γ0 =
{(
I b
0 1
)
| b ∈ Z2
}
.
It is easy to see that Γ0 ⊂ Γ is normal and Γ/Γ0 ∼= Z. Since Γ0
is isomorphic with Z2 this shows that Γ is polycyclic. Let α denote
the natural action of Γ on T3. We claim that α is expansive but not
ergodic. By the above proposition, to prove expansiveness of α it is
enough to show that every non-trivial Γ-orbit in R3 is unbounded. Let
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p = (x, y, z) ∈ R3 be a point with bounded Γ-orbit. Then the Γ0-orbit
of p is also a bounded. On the other hand,
Γ0p = {(x+mz, y + nz, z) : m,n ∈ Z}.
This shows that z = 0. Now we define Γ1 ⊂ Γ by
Γ1 =
{(
An 0
0 1
)
| n ∈ Z
}
.
Since z = 0, we see that Γ1p = {(A
n(x, y), 0) : n ∈ Z}. Since Γ1p is
a bounded subset of R3 and both the eigenvalues of A have modulus
different from 1, we deduce that x = y = 0. This proves that α is
expansive. We define K = {(x, y, z) ∈ T3 : z = 0} ⊂ T3. It is easy
to see that K is a Γ-invariant closed subgroup and Γ acts trivially on
X/K. Hence α is not ergodic.
Remark . If α and K ⊂ T3 are as above, then from the expansiveness
of α and triviality of the quotient action on X/K it follows that the
action α|K does not have pseudo-orbit tracing property. This shows
that expansive algebraic actions of polycyclic groups may have non-
expansive algebraic quotients and need not satisfy pseudo-orbit tracing
property, giving negative answers to questions raised by Chung and Li
([3, Conjecture 3.6]) and Meyerovitch ([8, Question 3.11]).
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